ABSTRACT. Consider a collection of topological spheres in Euclidean space whose intersections are essentially topological spheres. We find a bound for the number of components of the complement of their union and discuss conditions for the bound to be achieved. This is used to give a necessary condition for independence of these sets. A related conjecture of Griinbaum on compact convex sets is discussed.
1. Introduction. The notion of independence for a class of sets was introduced by Marczewski [3] in connection with some problems in measure theory. It is related to a variety of problems in combinatorial geometry; see the discussions and references in [1] , [2] , and [5] . For a collection of sets C = { Si, S 2 ,... (1) Afnjk := 2 X) ( t I m = min(*-l,n)
REMARKl. NotethatM,^ = 2* whenfc < n + 1 and Af^ < 2 k if k > n+ 1. The most elementary setting for these ideas is the familiar Venn diagram in the plane: circular regions can be used to illustrate set-theoretic statements for 3 sets, but not 4.
The result on failure of independence for Euclidean balls can be obtained using linear algebra [5] . The bound for m{C) was obtained in [6] via induction using stereographic projection and our purpose here is to establish a topological version of this result, using some basic ideas in algebraic topology.
For n > 0 we call a topological space A a topological n-sphere if it is homeomorphic to S n = {x € R n+1 : ||x|| = 1}. If A is a topological n-sphere in R n+l we will call the bounded component of R n+1 \ A its inside and the unbounded component(s) its outside. If C is a collection {Ai,..., A k } of topological (n -l)-spheres in R n we call a set of the form T\ D • • • n 7\, where 7/ is either the inside or the outside of A,, a Venn cell of C. We then define m(C) to be the number of nonempty Venn cells of C and call C independent if m(C) = 2 k . We will say that an indexed collection of topological spaces C has spherical intersections if the intersection of the sets in any subcollection of C is either empty, a single point, or a topological sphere. We will consider the empty set a sphere of dimension -1. Then Suppose K = U^Ai C S n . H* will denote reduced Cech-Alexander cohomology with integer coefficients, and we define b
(See [7] , Chapter 6, and
[4] Chapter 6.) We will need the following special case of the Alexander duality theorem:
where //* denotes reduced homology. This follows e.g. from [4] 
PROOF. By our remarks above, (i) is equivalent to b n~x {0\Ai) + 1 < M n^. We proceed by induction. Since M\^ = 2k, (i), (ii) and (iii) are easily seen to hold for k > 1 whenn = 1. Since M n ,\ -2 for k > 1 it we also check that (i), (ii) and (iii) hold for n > 1 when k = 1. Suppose we have established (i), (ii) and (iii) for (n',k!) when 1 <n' < n or n' = n and Id < k. Now let X = Ai and Y = Ai U ... U Ak. We can assume that X ft S n since otherwise S" \ A\ = 0. By the argument leading to Theorem 6.1.13 in [7] , the Mayer-Vietoris sequence Observe that by our hypotheses XD F is a union of k-1 topological spheres or points, with spherical intersections, which can be regarded as subsets of an (n -l)-sphere, and F is a union of k -1 topological spheres or points in S n . Thus, by the induction hypothesis, we have Thus, from (3) and (2) with q -n -1, we get EXAMPLES. If C is a compact convex subset of R n with nonempty interior then the boundary of C is a topological sphere. We call a set homothetic to C if it is a translate of kC for some k > 0. Following [2] , let h(C) be the maximal number of sets in an independent collection consisting of sets homothetic to C. Thus h(C) = n + 1 when C is the Euclidean sphere S n_1 C R n .
Suppose C is a regular tetrahedron in R 3 . If we are given a finite collection of sets homothetic to C we can find, if needed, arbitrarily small translations of these sets which will make their boundaries have spherical intersections and will not increase the number of components of the complement of the union of their boundaries. It follows from our results that h(C) = 4. In the same way we can show that the maximal number of independent translates of a fixed cube is 4. However, it is possible to find 3 homothetic cubes whose boundaries intersect in 4 points (we thank R. Sine for this observation) so the hypothesis of Theorem 1 do not hold and in fact it is possible to find 5 independent cubes homothetic to a fixed one. Figure 1 shows the intersection of the surfaces of 4 such cubes on the surface of a fifth. Griinbaum [2] conjectured that h(C) = n + 1 holds for any compact convex C; the last example shows that this is false (although it holds when n = 2, [2] ). In fact, it is possible to construct a C in R 3 such that h{C) -oo. This follows from the 2.13 and Proposition 3.19 in [1] .
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